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ABSTRACT

Simple models for a defense consisting of a preinstalled
mine field possibly defended by an anti-tank weapon are

derived and analyzed. This paper uses a special Poisson

process to model the one or two positions of mines in the
mine field. The duel between the anti-tank weapon and

offensive tanks crossing the field is modeled with a con-
tinuous time Markov chain. Some algebraic solutions and

numerical results are obtained for specific scenarios.
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I. INTRODUCTION

For more than two decades, conventional mine fields
have been in place along the Demilitarized Zone and in
front of strategic points in Kerea. The way in which the
effectiveness of the mine field has been increased and
maintained is A= the periodic replacement of o0ld mines and
the addition of new mines to the field.

In the initial phase of a war, the enemy will attempt
to use a quick attack to break through the defensive lines,
like the one which was constructed by Korea along the
D.M.Z2., in order to seize some preplanned areas. For this
operation, the enemy will use their numerical ‘Superiority
in tanks and artillery. If the enemy is able to seize
areas which are important politically and economically, the
advance will stop.

There are many ways to improve and reinforce the
defensive line. Against the enemy's quick tank and armored
vehicle attack, the best way is to have a mine field that is
defended by anti-tank weapons.

History and experience have shown that a mine field
defended by an anti-tank weapon is more effective than a
mine field by itself or the anti-tank weapon by itself.

The reason why the mine field is the best means of defense

against the enemy's tanks and armored vehicles is that




it may restrict the movement of enemy tanks and vehicles
and thereby increase the effectiveness of anti-tank
weapons. A mine field also assists in protecting friendly

forces from sudden attack.

Y

In this thesis, it is assumed that the preinstalled
mines in a mine field act their characteristics with
100 percent reliability. Some simple probabilistic models

are studied for scenarios of a mine field and a mine field

ST Ty

R L R

defended by an anti-tank weapon. Algebraic and numerical

results for some cases are provided.
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II. SCENARIO ASSUMPTION

A. TERRAIN AND MINE FIELD

The mine field consists of both anti-personnel mines
and anti-tank mines. The mine field is located crossing
the likely axis of enemy advance.

The defensive forces are able to view possible offen-
sive movement over the entire field. The entire field is
also within the effective firing range of the defensive
forces. It will be assumed that the offensive tanks have
no maneuverability problems in the field. The positions of
preinstalled mines are well camouflaged and are of the
pressure-activated type. The offensive tanks cannot vis-
ually detect the mines and hence have no ability to avoid

the mines.

B. OFFENSIVE FORCES

A limited objective for the offensive forces is to
seize the defending positions. The reconnaissance of the
offensive tanks did not provide enough information about
their combat area to determine the defensive positions,
but the defensive barriers are assumed to be placed along
the axis of advance.

The mission of an anti-tank unit is to create a gap in

the mine field and to destroy the defensive crew-served
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weapons or tanks defending the field; these defending weapons

are considered to be a major obstacle for following offensive
forces. It is assumed that the offensive tanks will meet the

mine field in a deployed formation.

C. DEFENSIVE FORCES

The defending forces are occupyving preselected strong
points where they can cover the likely axis of advances and
also protect the mine field. Each anti-tank weapon's mission
is to kill the enemy's armored vehicles or tanks in his
assigned area. The anti-tank weapon is in a camouflaged
fixed bunker which has usually one crenel. There are many
bunkers for the crew-served weapons and anti~tank weapons
in one strong point. Hence, even if the cffensive tanks
find a crenel, there may not be an anti-tank weapon there.

The dead ground (path) in the area will be covered by
the friendly artillery firing. Thus, the offensive tanks
must pass through the mine field. Usually, the defender
wants to fire at the offensive tanks which are in the mine
field, because the mines tend to restrict the maneuverability
of an offensive tank and thereby make it easier for the
defender to kill the tank.

For simplicity, an offensive tank which successfully
crosses the mine field does not attrack further defensive
fire; that is, the duel between defense and offense will
stop at the time when one offensive tank gets through the

mine field.
10




ITI. MODEL ASSUMPTION

A. MINE FIELD

The preinstalled mine field has W units width and D units

depth with a rectangular shape.
k w

j

Figure 1. Mine Field Model

We assume the positions of pressure-~activated anti-tank
mines in the field form a spatially homogeneous Poisson
process with the rate of "r" [Ref. 3]; that is, the number
of mines in disjoint paths are independent random variables
and the distribution of the anti-tank mines in the area of
a path is Poisson with mean "r|A|," where |[A| is the area
path |A| [Ref. u]. Assume that the track width of a tank
is Wt units.

Let Tl be the position of the first mine that a tank
encounters in its path and J(A) be the number of mines in
its path. The probability that there is no mine in the

path equals

LT, 7D} =Pt =0} =€ ™ 2™ Lhere R=rwa.

11




Similarly, the probability of tank gets small Z units

into the mine field without encountering a mine is

P{T.>3}=P{5(s)=0} =¢F*

for 053=D.
Then

P{Tis3} = 1-€&"
for o 23 2D

4]
.

T

f .
As Aa As
Figure 2. Area of a Path

Let T2 be the position of the second mine in the path;

For 3J<D
PIG-Ti >3] T =3} = P{oA)=0} = €
and for 3+3 <D
PLTa-Ti 24| T =3} = P{T(As)=0}= R
for 3+4y >D

So Tl' TZ’ T have the same distribution as the

37 e
arrival times of a Poisson process with rate "R" that stop.

at time D.

12




If any tank which get: into the mine field to attack

the defensive encounters a mine, the results may be one of
the following categories:
(0) No Damage
This category of damage neither excludes the
tank from the combat nor limits its mobility or any other
operations.
(1) Slight Damage
The slight damage category also does not affect
the operational characteristics of the tank, but it increases
the vulnerability of the tank to serious damage; for example,
it is more likely that the tank will be completely destroyed
when it encounters the next mine.
(2) Loss of Mobility
This category includes damage to the tank's
track or demolition of its suspension system. The tank is
expected to participate in the duel with the defender until
it is killed by the anti-tank weapon.
(3) Completely Destroyed Damage
This category is defined as total destruction
of the tank functions; that is, loss of mobility, loss of
firepower, etc. A tank with this category of damage has no

more influence on the field.

13




Let xn be the class of damage to the tank due to its
nth encounter with a mine. The Xn can then take on the
following values:

0; No damage

1l; Slight damage

Loss of mobility

2;

3; Completely destroyed damage (3.1)
assume Xo = 0.

Assume that:

Xn+l is conditionally independent of Xo, Xl’ X2 ...Xn_l’

given Xn’ The transition probabilities are given as follows:

PiXi=4]X =0) ,(o: i=0

R, 4i=123

L

1, 4=3, 4=3
P{Xz=le,=L}= 1, i=t j=3 (3.2)
0 ; otherwise
Let X(z) be the state of a tank due to mine encounters 2z

units of distance into the mine field. The process {X(z);

05z5<D} is a continuous time Markov chain.

X(3) 1

Xe

L |
N —Y
e et 4 w— - ——

>

T Ta *
Figure 3. Distribution of Ti's
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with absorbing states 3 (completely destroyed) and 2 (loss
of mobility). The probability that a tank gets through the

mine field is

P{xm € (o, 1)}
by assumption (3.2).

P{xm =0} =¢"
(RD-€*) R .

pPixe =1}

Hence, the probability of a single tank getting through

the mine field is:
P{XxD) € (o.1)}= &*+(r0-E*) R

(1 +ROR)E®

B. DUEL

When tanks appear in front of the mine field, they are
seen by the defensive forces and the defender's anti-tank
weapon starts to aim at one of the tanks. In general, the
probability that the anti-tank weapon hits the offensive
tank depends on the type of anti~tank weapon, the firing
range, and the ground condition. In this thesis, the hit
probability is assumed to depend only on the defender's
anti-tank weapon type. The interval of the firing time
(the time between rounds fired) is a random variable. The
anti-tank weapon of the defender has the advantage qf first

firing.

15




The offensive tank leader is mainly involved in observ-
ing the battle area rather than trying to detect mines.
His task is also to detect the defender's crew-served weapon
positions. As assumed in the previous section, since the
position of the anti-tank weapon is well camouflaged, the
offensive tanks cannot begin to detect the anti-tank weapon
position until the anti-tank weapon fires and gives away
the region it is in. The probability of detecting the anti-
tank weapon position depends on the distance; that is, the
further away the defender's weapon is, the less likely its
position will be detected when it fires. If any one of the

offensive tanks detects the anti-tank weapon position or is

hit by a mine, the warning and information are given to the
other offensive tanks. When the offensive tanks find a
potential anti-tank weapon position, it is uncertain whether
the offensive tanks have detected the anti-tank weapon or
not. Here it is assumed the offensive tanks can detect the
position of the anti-tank weapon immediately after the anti-
tank weapon's first firing. If an offensive tank hits an
anti-tank weapon, the anti-tank weapon is completely
destroyed.

After the defender's anti-tank weapon first fires, we
assume that there is a duel between the defensive anti-tank
weapon and'the offensive tanks with constant hit probabili-

ties P, and PT respectively, that is,

A

16
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let
l; if an offensive tank hits the anti-tank
H (T) = weapon during nth round.
0; otherwise.
Also,

1l; if the anti-tank weapon hits an offensive
H (A) = tank during nth round.

0; otherwise.

Assume {Hn(T); n=1l, 2, ...} is a discrete time Markov

chain with absorbing state 1,

P{Hn(T) =1 ] Haa(T) =1} =1

P{Hn(T) =L | Hu(™) =0} = P (3.3)

Assume {Hn(A); n=1, 2, ...} is a discrete time Markov

chain with absorbing state 1,

P{HnlA) =1 | Haatn) = 2} =1

P{HatA) =2 | Hwah) =0) =F (3.4)

The firing interval between rounds is independent and

exponential with the rate of A', for anti~-tank weapons and

A
A'T for offensive tanks. These rates include all various

17




intervals between rounds fired, which are aiming interval,

loading interval, converting interval and firing interval.

We will assume that the offensive tanks have a constant

velocity through the mine field. Hence, the potential
offensive distances traveled between rounds fired are also
independent and exponential with the rate of AA for the
anti-tank weapon and AT for the offensive tank.

All contestants have unlimited ammunition supplies and
begin the duel with loaded weapons. The duel between
offense and defense is assumed to start at the time of the
first firing of the defender's anti-tank weapon or at the
time the first mine is hit, whichever time is smaller.

The duel will be ended when either the offensive or the

defensive side is killed or an offensive tank successfully
crosses the mine field.

It is assumed that the offensive tanks damage category
due to anti-tank weapon firing is only killed or not killed.
When the offensive tanks damage category due to mine is
loss of mobility or completely destroyved, the anti-tank
weapon changes its aim objective to the other tank.

Let "SA" be the offensive tank position when the anti-
tank weapon is killed by an offensive tank, let "ST" be
the offensive tank position when an offensive tank is
killed by a defensive anti-tank weapon. Since the intervals

between firing are independent and exponential and




N

assumptions (3.3) and (3.4) hold, and the offensive tanks

travel at a constant velocity.

P{ Sa>%, Sr 7;} - e'()ﬂf’n)ﬂ' 8—(31?1)1:
= e- (%o t 2ePr ) %
and
P{ Sa <S-r<’x} =(1 _C"C/\iﬂa"l-rﬁ»)k) AP

Mba t rPr

for the fuel that lasts at least x distance.

19
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IV. DUEL

Two simple models will be analyzed in detail; the
first being that there is one offensive tank and one anti-
tank weapon of the defender. The duel starts at the time
cf the first firing of the defensive anti-tank weapon or
the time the first mine is hit, whichever time is smaller.
The other one is that there are two offensive tanks and
one defensive anti-tank weapon. The offensive tanks start
across the field at the same time and along different
paths. The anti-tank weapon starts to fire as soon as the
offensive tanks enter the field.

If there is only one offensive tank in the field, it
is easy for the operator of the anti-tank weapon on the
defensive side to wait until the offensive tank goes some
distance into the field before the anti-tank weapon fires

its first shot. If two offensive tanks are to get into

T~ -

the mine field to attack the defensive forces, it is diffi-
cult for the operator of the anti-tank weapon to wait
until the offensive tanks arrive at predetermined positions
before first defensive firing.

In these two models, five parameters which can affect
the result and which can be changed in value with training

or other remedies, will be concerned. They are:

20
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(1) The fire rate of an offensive tank (AT),

(2) The hit probability of an offensive tank (PT),

(2) The rate of mines in a mine field (R),

(£) The fire rate of a defensive anti-tank weapon (AA),

(§) The hit probability of a defensive anti-tank

weapon (PT).

In the remainder of this section, algebraic solutions
for the probability that an offensive tank successfully
gets through the mine field for the above models, will be
given. In the next section, numerical results and investi-
gation for the sensitivity of the five parameters will be

provided.

A. MODEL ONE

In this model, there is one offensive tank crossing a
preinstalled mine field. The mine field can be either
undefended or defended by one anti-tank weapon.

Let D' be the position of the offensive tank in the
field when the defensive anti-tank weapon fires its first
shot. The position is greater than or equal to "0" and

less than the depth of the mine field (02D'<D).

1T
v ¥ u[

1_9

. Il

Figure 4. Location of D'

21
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The event that the offensive tank successfully gets
through the mine field is the result of several factors;
they are, not hit be a mine, hit by the mine but has slight
damage; not killed by defender's first shot and not killed
by anti-tank weapon in duel during its travel through the
remainder of the mine field.

Let

1; if an offensive tank gets through the mine
N = field successfully.

0; otherwise

1. There is No Defensive Anti-Tank Weapon

i

pin) =1} =€ 4rppe”

(1+RDR)E™
(4.1)

2. There'is One Defensive Anti-Tank Weapon

In this case, we are concerned with the position of
the first mine which the offensive tank encounters. If the
first mine the offensive tank encounters is less the first
defensive firing position (D'), then the potential duel
duration is longer than the time for the offensive tank to
travel D - D' across the field.

For an offensive tank to get out of the mine field
successfully, there is no mine through its path or just

one mine the tank encounters, but has slight damage and the

22




tank is not killed by the anti-tank weapon's first shot,

and not killed in the duel. Hence,

P{N(D)’i} * C—R-D[L-m.[ e‘CMﬂvM'rFr)(D-D')

= (MRt hPr) W-D) Arfy
t(L-
( ¢ ) M;,-mfj

+C—RD[R(D-D‘)5"°'°')p TLi-p]

o[ EMBtAR) D) +(s- é“"wmw)) F ; T::r 1
Aptinfy

<+ J‘[ER(D-x)J*[RP‘Iéng*[i«‘er' [ C" (b tArh) (D-x)
°

-(mq» Bp-x) Yy __Arh
+ (1 ! ) b etk J oA
~ (aBtIrR) (D-D
[1 ﬁq]"‘{e abt2rfr) ( P
~(AB+hf)(D-D) Azl%
+(1-€ previl

+ C’:RDL'KF.‘ (009 P 1L 1-pa2

- (Mab+artr) (0-0°) ¢ Mabthfe) (p-p N_ AR
* [C + ( )Aﬁﬁﬁ),ﬁ

RR e . Onbthef) 0 - (MhAROD
+ SEET R (MM

('+ 3";::?:‘) ’f'/\TPrD‘J
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We will now consider the special case in which

Pol = 0; that is, the offensive tank is killed with proba-
bility 1 when it hits a mine. In this case, expression

(4.2) becomes
PINDI=1} =2 @ [1-Palr[ @ M tHP)(0-0")

Mk - (Oafa+ 1B ) (D-D")
t maen (1-C ") ] .3

= {o)
The value of D' that minimizes Equation (4.3) will be found

as
~RD - -
2fi = €M1 PRI 1 k]

A B
[l = ——"—
L Aala HFy ] 2o
for 0sx<D.
Hence, for the defense, the optimal strategy is to
start firing when the offensive tank first enters the field.
It is possible to derive an analytic solution for the op-

tional D' in the case in which P > 0, but it will no

01
doubt be very complicated. In Section V, the optimal
distance will be evaluated numerically for various cases

of interest.

B. MODEL TWO
In this model there are two offensive tanks to cross
the mine field. They start at the other edge of the mine

field at the same time and use disjoint paths [Ref. 4 ].

24
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The mine field can be either undefended or defended by

the defender's anti-tank weapon.

| Assume that the fire rates and hit probabilities of

the offensive tanks are the same and if the mine field is
defended, the duel starts at the time when the offensive
tanks get into the mind field. The probability that the

: anti-tank weapon of the defender aims first at any particu-
lar offensive tank is %, whether the first shot of the duel
is offensive or defensive is random.

Let Xl(x) be the state of the offensive tank using #1
path x units into the mine field,

xz(x) be the state of the offensive tank using #2 path
x units into the mine field,

Y(x) be the state of the anti-tank weapon when the
offensive tank is x units into the mine field. By the
previously stated assumptions (3.1), the random variables
X, (x) and xz(x) can take the value {0, 1, 2, 3} and the

random variable Y (x) takes the value {0, 3}.

l. No Anti-Tank Weapon Defends 3

We can expect several cases; neither tank encounters

a mine in their path; one offensive tank hit a mine and has j
slight damage or loss of mobility or completely destroyed 1
damage, and the other one has no damage; one offensive tank H

has slight damage or loss of mobility or completely destroyed

damage and the other one has only slight damage.

25




Hence, letting N(x) be the number of tanks with no

damage or only slight damage:

Pinwyz1} = F{XL('x) 20, Xa(X)=0}
+P{xim =1, Xa=0}
tPixm =0, Xatp =2}
TF{X.QO =2, Xaw =0}
+P{xw=0, X0 =2}

*PfXMx) =3, Xo =0}
-f-P{X,(‘)O'-'-O, Xy = ;}

epixe =h X =t}

TPix 0 22 Xam =11}
+Pix 0 =4, Xw=2}

TP{x o =3, =21}
tP{Xi® = 1, Xuw=3} (4.5)
then

p{nw)>1} =11 +200) +2[M] +200)
"‘LVJ'-e-z[VIJ'-rz[VJIJ’ (4.6)

26
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p =RD
R%.e

(1) = P{xi=0, Xa(mz0} =€
Lr) = P{x,(m=1, Xamr=0} =¢&(rppeR?)
“p{Xm=0, Xu (D=1}

)’ =p{xm=2, Xaw=0} =p, (1.e*)

=P{ X (m=0, X.0)=2}

(1) = p{xm= 3. Xatmy =0} = Bs(1-¢%)e®?

+ B0 (L€ 2roe®?) e
=P{Xum=0, Xat»=3}
{_VJ,"" P{xm=1, Xatw=1} = (RE, pe Py
V) = P {x. =2, Xa=1} = (RRDE®) By (1-€")
= P{Xm=4, Xud=2}
I = P{x,m=3, Xuw= 1} =(RR D& )] B u-€™)
+ Rk (1 - €5 roe®)]

= P{x =1, Xum=3}
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2. There is One Defensive Anti-Tank Weapon

This case is more complicated than the first case.

Again, let N(x) be the number of tanks with no damage or

only slight damage.

PIND2L} = P{Yw=0, Xw=0, Xaw=0}
+P{Ymw=0, Xxw=0, Xaw =1}
tP{ Yo =0, Xiw=1 Xw =0}
TF{ Yoy =0, Xm0 =0, % =2}
1] Yoo = 0, X =2, Xatw =0}
1P Y =0, X\ 1% = 0, Xat20 =3}
+P{ Y =0, X =3, Xatx)=0}
tPiY0=0 X9=4, X W=1}
TP Y0 = 0, X0 =4, Xa (9=2]
tP{ Y =0, X =2 Xa(n=1]}
P YW= 0, X0 =4, Xl =3]
+P{ Y0 =0, X =3, Xa(0=1]
TP Y0 =3, X0 =0, X% =0}
+P{Y®=3 Xm=0, X2 (0= 14
4Pl Y®W=3, Xd=4 Xarw=0]
tP{ Yo =3, Xiw=0, X =2}
P YW =3, Xi9=2, Xaw=0}%

P Yw=3 X0, Xatx=2)

+PLY ™ =3, Xm™=3, Xa®=0}
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+P{Y0 =3, X021, 0=t}
+ ?{ Y®=3 XWX =1, Xz{xhl}
-+ P{ Yoo =3, X 0= 2, X,_(x):j,}
+Pf Yoo=3, X=1, Xem=3)
TPy =3 X3, Xaw=1)

Finally,
p{ncodz1} = (1) +210]+ 2[M] + 20171+ [ V] +20VL] «2l0R]

+[08] +2L1x) + 20X + 21X1] f{mf:amﬂmvj(‘i .8)

where [1], [II], ..., [XIV] are defined as below.

[I] = P{Yw=0, %(D=0, Xutm =0}
By the exponential assumptions of the model, for h small

P{Yixh)=0, Xitxtm=0, Xalx+n)=06 }
=P{Ym=0, Xitw=0, Xa(x)=6} [1-2Rh+eth)]
#(t=CaB+ 22 +o(h)]

Subtracting P{Yw=0, Xitm=0, Xatwz6} from both

sides, dividing by h and letting h tend to zero, results in

d
dx P{ Ymw=0, X\w=0, Xam=0}

= - (2Rt Mlat 2008 % P{ Y0 20, X, 020, XatD=0]
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Solving

P{YD=0, XD =0, Xatw =0}
= e (3R b + 3vR) D

[I] = p{vtm=0, X(w=0, Xaw=4}
Similarly,
P{ Yexen) =0, X)(x+h) =0 , Xa(xehy= 1 )
"P{Yw =0, %i0=0, Xaw=1}[1-2rh + eCh)]
*[1-Oabyrap)n+ och)]

+P{ Y® =0, X920, Xatw=06) [ Rh+ «(W] B,

%r{ Y=o, X =0, Xarx) =4}

= - (3R tMh+akp)* P{ Yw=0, X, w=0, Xam=1}
+ ( RR.) e"(lx +Mbh+ 2MR) X

then

P{Ym=0, X(»=0, Xa(w=1}

= RRy D (2Rt Mh t2210) D

= P{ Yim=0, Xi(m=4, X,_(D):o}
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similarly,

(W] = P{YtD =0, X(D)=0, Xa(P =2}

: P{ Yiath)=0, Xitxth =0, Xa(x+h)=2 }
E

: = Pi‘f('x) =20, X (x)=0, Xl(*)"z}r I =(R+2ala +2Mﬁ)h+a(b)J
+PLYX=0, X, =0, %am =0} [ RB:h + oth)]

Then using the expression in [I]
2pi
L Y®=0, X% =0, Xt a2}
- (R+Al+22:5)* P{ Y020, X(0=0, Xa®=2}

+ (RRa) @ (PR MBT 2R )

P{Yiw=0, Xiu»=0, Xa (D=2}

= e—RD< 1~ e:RD) P é‘(ﬁnﬁw tArR) D

= p{Y(w=0, X(®=2, Xup=o}

(V) = P{Y(D=0 , X®=0, Xerw=3}

P{ Yixem=0, Xitxeh)= 0, Xotnth =3}

“PLYOO =0, Xito =0, %03} [1= (R+2a +hr) b +o(h)]
+ F{ YOO':o, Xi =0, X,(;Q:o}[gg,h “+ fz,g,h "'°(h)J
+P{ Yoo =0, X\ 9=0, %0 = 1} [REsh+Z IR + «(h]
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d
E;Pi‘f(x)'—'oa X, (020, Xa(% =3

= ”(K*Alﬁ*avfr)*?{ Y9 =0, X320, Xa(”’a}
r (R +d pp) @ (RtMbraki)x

+ (RB +4 Ml o[ RRx & E+MBr hRO% 5

P{Y(m=0, Xm)=0, Xut»=3]

~(2ab+hR)D _ c—(R'H‘ABn-fMTRv)D ]

GRPo) €

R*/\ﬂ' (

~&9 2 -wna,s.)o - (R+2q5 +3P)D
+€ RP.PsmW[ -€

~(RehpyD- € (RTMRTIHRIP

—F" Anbh - Cafa +hB) D - (R+2aBy + 2R) P
+
2(R+Mrhe) L e e ]

[ &l ool é(ruhm +2)f) D

+ €% (m RS

A 24
- (RtMR)D- € (R+2a5 + vAtR) DJ

= P{Y(m=0, X®=3, Xutp=0}
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(V) =P{Ym=0, X, (»=1, Xa(D=1}

P{ Yix+h) =0, X (x+h) = 4, Xz(?(-fh'):i}

| = P{ Yo=0, X,0=1 ,X;(‘x):i}fl ~ (2R+Mafp +2P) h +,(|.,)J
|

@‘ N +P{Y®=0. X =1, Xaw=0) [RE h + och)]

|

+P { Yo =0, Xi®)=0,Xa0 = LYLRR h+och)]

&% P{Ym=0, Xitw=1, Xam =1}

= = (2R +Aafa +aepr) A P{ Y020, X 024, Xew=1]

+(2RR) [RRA X €° (2R +20Bs +227:) %

P{ Y(D)""O, XL(D)=5., X:_(p) =j,}

= (RR,D.E R ) e (MhrhR)D

(V1] = P{Ym=0, Xw=1 Xaw=2])

—P{Y(‘X-rh)"—O, Xitxrh) =1, X;.(x+h)=2}

2 P{ Yo 20, ¥y(®=1, Xaw=2F [1-CRtMax 2P b+ oCh)]

+ P{Y00=0, X,0=1, Xaw= 0} [RBsh + o))
+P{ Y =0, XsW=0, X =2 }[REh +oh ]
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%Fme)ﬂ, Xi=1, Xatn = 2

= =(RtMbesnp) 2 P{ Y00 =0, X, 01, Xaw=2)

+ (RB) [ RRx e~ (2K+Mfh v aaefr) % ]
+ (Rg)re-&(’_c‘g") g‘ e’(M?A’MTR‘.)xJ

P{YD=0, Xi(w=1, Xu(p)=2}

= RDRERP (1~ p, @ b+ 2nF)D

= P{Y=0, X»=2, Xupy=1)

(VD] =p{YD=0, Xi=s, Xaem=3}

P{ Y(‘X"‘h) =0, XI (x+h)= 1, Xz-(?(fh):g}

=p{Yw=0, X (n=4, Xat0=3} [1 = (R+2afh +A)h+ o(h)]

+P{ YW =0, X W=4, Xa(M=0}[ R h+ 30 b +e(h)]

+P§ Y0 =0, Xim=d, Xaw=2JLRBh +L M h+oth)]

+P{ Y0 =0, X, 1020, Xa0 =3} [ RE h +eo(h))

d
I;F{Y(’O:D, Xix)=41, x:.(“)'-:;}

== (Rt2aB+2eR ) % P{ Y 20, Xiw=t, Xatw=3}
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~(2R+ A P
FRE +5hB) [Rx g & (2R M+ 21R)% 5

AP +221R)x
+ (RR + dp) [Ra*p? @ @R MA+21R)2 4

RRBs R'R.Ps = (R 1+ Mh+IrR )
+(KB)[(R*3R' 4.(&.,%)‘)8 J

*( Ml RB ML) ~ (R+Xafs +2p)x
a R'MrFr) a(RthR)

KB, KB ~(324 20 22ef)x
RthfB  (R+MR)?

- ( Y] KE‘ Aol e—(ﬂ-ﬂf’hﬂq-rz)}rpr)x
2( K"‘M) a( K*ﬂvﬁ)z)

- ( R'Bp Y e~ (3R Mb $201R)
R+ P

BEdahe ), o= (R0 x g
( 2(R+MyR)

P{yw=0, w(psi, Xa(®)=3}

. -RD ~(Mb+0p)D  _—(R+MBr2)R) D
Kepe™r (R -r)rF:) c ]

- Caboe _ ik

+rgoe® sz’,(hm)‘[c (haby D & (R+2aBrsadri) p
R+Aakh + 20:R)D

~(R+hR) D & (RHIah+ 1

+REve a(x-rmr)[e - e ]

(Mt HR)D  —(R+Maby t2hP)D
+REDE MR ks [ e -€

- 288 + 2)+R) D
-(R"‘%Pr) De (R+ 228 v J

- P{ Ytm=0, Xm=3 X;w)=j.}
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(vi] = P{Y(D)=3» X (D=0, Xa.co)=0}

P{ Yex+h) =3, X (xeh)=0, X;.(*xﬂ-.):o}
= F{ Yo =3, Xu(x=o, Xato=0}[1~2Rh+ech)]

tPL{Y0=0, X% =0, Xeem =0} Ladfh +ochy]

d%?{‘fm=3, X (w =0, >€wx)=o}

= (3R % PLYem =3, Xm0, Xacweo
+ (22eP) C—-(:-R +afa + 2A7Pr) x

P{Y(D)f_éa XufD)=O, Xa,tb):b}

- 2B o-3RD (MRt 21R) D
Aabp + 2Py (1-€ )

[IXJ = r{T(D)=3/ X(»=0, Xa (D)= .‘-}
P{Yorrn) =3, Xixemy=0, Xacxen =1}

=P{ Y =3, Xi(0=0, Xa(0 =1} [1-2Rh +eCh)]

+P{Y®=3 X0=0, Xe(®=0}[REh+ eth)]

+ F{ Y0 =0, Xit9=0, XatA= 4y [2xph +ech))
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J%F{ Yo=3, Ximw=0, X*("‘)=i}

2 2(2R)*P{YO0=3, Xyw=0, Xarw=1}

+ (RR) [ 2“;7:"5;'& (e:zzx__ & (J-Kf'\aﬁnahpr)W)]

v W) [RB x @ Rt r2deE)x ]

P{YtD)=3, X(D=0, Xatw=1]

_ _rRD ~RD - et
=€ rppef (1 _CCRA&a*MTPT)D) Zn&::fk}’r

= P{ Y(»=3, Xio=1, Xatm=o}

[X] = F{ Y(D)=3, X(0)=0, Xa(D=2)
P§ Yixem =3, Xilx+h)=0, Xalx+h)=2}
=P{Y0=3, X (M=0, Xar=2}[1 = Rh +och]

+Pf Y0 =3, X100 =0, Xatw=0}[RRb +och)]

+ r{‘f(x):.o, Xs (¥ =0, Xatx) =2 H 2hfeh +och ]
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%F{ Yi=3, Xux)= 0, ‘X:.('XD=2-}
- "R » F{ Y(X)=3, X,(’X)"— 0, Xa.o()‘-‘l}

2)1R -ZR’X_ 131& —-(2-R+kngnz,).,.p)x
+(R&) [3!»?&"'”&?1 = 28f tahpy c ’ -]

o+ (%PT)[ 81 é’(R‘f)ﬁh"prf)x _ P.‘_ e"(ZR-faAFA *%Pf)'x]

P{ Y(D=3, X;(m=0, Xatm»=2}

—Rp - _
= (1-c*)p, (L—e: (’T"g’*"””’*”)—;;;‘—h}:;;
A >

= P{_ Y( D=3, X/ (m=2, X,_(p)a.o}

[XI] = P{Tco):a, Xi0) =0, Xax=3}

PLYXtM =3, X, (arh) 20, Natxen=3]}

=P{Y0=3, X0=0, Xam =311~ Rh+ech)]
+P{ Y™ =3, X0 =0, Xaw =0} [RBsh+ och))
+ P{Tno =3, X, (0=0, Xa =1} [Rfah+ ah]

-"F{ Y=0, X =0, Xz("‘)=3}[7)rfvh-ttch)_]
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d%P{Y(x)=3, Xitn=0, Xa.('x)-'=3}

=-R 2 F{ Yin=3, X =0, X.;(ao=3}

+ (RR)] ;ﬁik

s2RX (1 e (bt 2MR;) 7\')]

+(Kﬁ)rc Rx g & (' em%l}r&)z)anﬁﬂhfr ]

"'(lrfr)[C RB, - A s (-(Rnﬂwh&)x C(R-Mnﬂwzafpr)x)

~RX -

Oa&mm -(RﬂnﬂnM)X'
e RB Frmay (thﬂr)’ ¢ :

=(khp)x € bR

=RX  Apfa

-(h&?}rﬂr)ﬂ ~{ szﬁ&*qtﬁ)x
te 2(R+MR)* (E. -C )

_ala, s (MMath)®  =(R+2AB + BArPr)x
+€* er.l(ﬁ i ( € NG

~(ReMpy)x € (R+2ala+ %R-)X)J

F{ Ym=3, %m=0, in»=3}

.-e‘“’[ InB APy (l ~ & Wb+ AePr) )

2(R4Po{ Aah th1Ry)




S ._“,v_-_.c..,...v.mnW

L Inbo IR ~ & (R+Bpvapyp
* o) ooy (1 7 € )]

RO b DeRe ~(2ah + 1 Po) D
+ -—

_ b _ 5 (Rt2aPr +20¢Rr) D
2 (R4 2Pe) (Rem 2 p,) (1 = )

- R e ( _ e-mwa.-. 2hf) D )
2 (Rt )(R+Pafh 2 )

b Moy > (R+AB + 21 R)D J
2(R+2a) (RtInba+ apr)

sRD. 20 Py _ p-RP
te R PPy (1 -€7)

- Mp,
1 - ¢ (Pabs +2Pe) D

(Rt3rpr) (Iabathp)

)

= (R+Aa P + 7-37?1-)0)]

- 2R - Mpr (1'3

( R"')rﬁ-xn +24p + 2hR)

> kP RE Mnpe B wXep) D
teRR[ R+ ) (Jupy + ) (1-¢ )

- Rhpr _ & (R+hfar 2hR)D
CRe2rB) (R+dabt 2p)? (1-€ )
f

_ Rhbr (l _ é(RTJA& +2hpr) D
(R+2efe)" ( R+ 24Py + 1)

- (Rthp) p & (RPbs)
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_ 2 APy
Caforr 3R (Rt MByradrr)>

(" - e—(ﬂ'rhﬂo-n)hﬁr)p)

— (RHIah+2f) D € (AT M T2ATPOD

iR _RP_ . SRD
+ It > hefr (l e RPeE )]

= F{Y(D)=3) Xt =3, Xa.(D)ao}

(51} = P{ym=3, Yum= 1, 3am=1}
PLYoew =3, Xoxem= L, Xorwew =1}
=PlYw=3, 001, Xarm=1}[1 - 2Rh+oth)]
+P{ Y0023, X 00=1, Xaw =0} [RRh ++h)]

tP{ Yoo =3, X0 =0, ow=1}[RBh + sth]

+P{ Y00 =0, X= 4, Xew=1} [ anpr+ och]

d
P 1Y0=3, Xwed, Yem=1]

= -2R*pf Yow=3, X,m=4, Xew=1}




T(ZRB,)[%:%;% X (é-azz__ C-CIR*MPA +3hrﬂr)1)]

[ RRI ot K bt 2R |

J P{ch =3, Xm=], x;cp)--i}

=RDR, %R0, €™ 1 - & Mot aheR) ok

[Xm] = Fi Y(v) ‘3: X.(D)"-' 1, X;(D):z}
PEYorrh =3, Xitxehm 4, Xacwehr =2}

--f’{‘((x): 3, Xiw=d, Xz«’x)=2)[l-Rh toch) ]
Py =3 Xi0=1 Xaw =0} [RBh+ oh)]

+P{YW=3, Xiw= 0, Yem=2}[RR b+ oth)

] Yw=0, Xiw=1, xs0=2)} [ »oth]

%P{YW)-‘-B, % (0 =1, X,wg::.)

]

]

i
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¥
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= -R*P{Y(n=3, Ximw=1, Xw=2}

Only + 1R X ) withr

+(RR)[€¥R2R €M-€ prvey

? -i-(KBl) [é“CI—C-R") fou ('_é-(bﬂw'ﬂ'rﬁ)") 7,,&.,,3,,1,}

-r(ﬂ-rB—)[KxéMBu (l __éﬁ“) P e‘(’%ﬂa + Mr?r)*J

F{Y(D)‘3, Xitm=4, Xam=2)

(Jnhu»rmp _2nfr
JA& + 2

=Ro2e®%0-€™) pa(i -

-P{Y(D)=3, X (=2, XalD)= i}

[XIV] = P{Yw=3, Xi(m=4, Xa»=3Y

P{ Y(x+b)=3, Xitxth=1, X,_('x.rb):,g}
rri Y('X)s-3, Xj %= 1, Xz(’x):a}[,—gh*.(h,]

P Yro=3, X =1, % =0Y[Rash +oth)]
+pfYm=3 Xew=1, Xat®=33[RBH +ol)]
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+P{Y0 =0, X0=4 Xew=3}[hph+ oCh]

PY®=3, Xw=1, Xurw=3) = o+, +oly + o,

=Pl Yem=3, X1 (D=3, Xuc0y=1}
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RE Aafh MPr D-(1 - - (Anfh +212) D
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V. NUMERICAL RESULTS

In this section, numerical results are presented for
each model with specific parameter values. Insofar as is
possible, the parameter values that are encountered in the

field will be used.

A. MODEL ONE
The numerical results for Model One will be given for

the following basic parameter values:

POl = 0.2 AA = AT = 0.037
Pyy = 0.3 R = 0.005 ‘ (5.1)
P63 = 0.5 Py = Pp = 0.6

Here all parameter rates are converted into units of
distance; for example, the value of the fire rate (AA, AT)
is 0.037 rounds per unit distance which is equal to 5 rounds
fired per minute times the speed of an offensive tank in
the mine field which is 8/60 kilometers per minute.

1. There is No Defensive Anti-Tank Weapon

Table I gives the P{N(D)=1} for some values of D,

using (4.1) and (5.1).




TABLE I

Probability that the Tank Gets
Through the Mine Field Successfully

D P{N(D) = 1}
300 0.2901
400 0.1895
500 0.1231

D, depth of a mine field in meters.

h If the defender wants to reinforce a mine field with
no anti-tank weapon defense, there is no effective difference

between increasing the rate of mines or lengthening the depth

of the mine field as can be seen from Equation (4.1).

2. One Anti-Tank Weapon Defends

First of all, the optimal offensive tank position
for the first shot of the defensive anti-tank weapon is

evaluated.

R EN 04}

o A"’///
_ D=300

aole

— D = 400

0.0¢

qu'.k D=25p0

4 "

=] 160 200 209 Yy so0 Xy =

Figure 5. Probability of an Offensive Tank Which Gets Through
a Mine Field Successfully.

Speed of offensive tank; 8 kilometers per hour.
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Figure 5 presents typical graphs obtained from the

numerical evaluation of equation (4.2) for Px {N(D)=1}, the
probability the tank successfully travels thrgugh the mine
field in the case that the anti-tank weapon fires first when
the offensive tank is at position Xo.
Optimal distances for the first shot of a defensive
anti-tank weapon are given in Table II for the parameter

values given in (5.1) for three mine field depths.

TABLE 1II

Probability of an Offensive Tank
Which Gets Through the Mine Field Successfully

Depth P{1I(D) = 1}

Maximum Minimum

in

Meters Probabilit Position | Probability | Position

300 0.1036 300 0.058 3
400 0.0656 400 0.037 21
500 0.0414 500 0.024 47

The optimal strategy for the defense is to fire its
first show at the offensive position which minimizes the
P{N(D) = 1}. The optimal position for the defense is changed
by changes in the mine field depth and changes in the basic
parameters. However, the change in the optimal position

appears to be small for the range of parameters we are
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interested in. Table III gives the percent change in

P{N(D) = 1} when parameter values are changed for a field
depth of 300 meters and a defensive first shot position

of three meters.

% PT AT R PA AA

10 4.76| 4.76 | -11.94 | ~19.05 | - 4.76

20 9.09! 9.09 ) -22.50| -36.36 | - 9.09

30 13.04113.04 | -31.82 | -52.17 | -13.04

40 16.67]|16.67 | -40.05| -66.67 | -16.67

50 20.00|20.00 ¢ -47.31} -80.00 | -20.00

TABLE III
Change of Percent of Probability with
Advantage of Defender Side
The hit probability of offensive tank (PT); 0.6
The fire rate of offensive tank (AT); 0.037
The rate of mines in the field (R); 0.005
The hit probability of anti-tank weapon (PA); 0.6

The fire rate of anti-~-tank weapon (AA); 0.037

The value in a cell of Table III indicates the change
in percent of initial probability that anr offensive tank
gets through the mine field due to the amount of change in

the parameter values. A positive value means an increased

P{N(D) = 1} and a negative value is the opposite. Table III

suggests that in the case of a duel between one offensive
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tank and one defensive anti~tank weapon with mine field, the

most sensitive parameter is the hit probability of the de-
fensive anti-tank weapon and the next sensitive is the rate
of the mine field. The reason the hit probability of the
anti-tank weapon is the most sensitive parameter is that the
anti~tank weapon of the defensive forces has the advantage
of firing its first shot at an offensive tank by surprise.
Table IV gives the same information aé Table III for the
case in which the anti-tank weapon does not have this
advantage; that is, the first shot of the duel is offensive

or defensive with a probability of X%.

TABLE IV

Change of Percent of Probability
Without an Advantage of Defender Side

3 PT AT R PA XA
10 4.76 4.76 -11.94 - 4.76 | - 4.76
20 9.09 9.09 -22.50 - 9.09 | - 9.09
30 13.04 13.04 --31.82 -13.04 | -13.04
40 16.67 16.67 -£0.05 -16.67 | -16.67
50 20.00 20.00 -47.31 -20.00 } -25.00

B. MODEL TWO

The numerical results for Model Two will use the same

basic parameter values as Model One; that is:
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Pop = 0-2 Ap = 0.037
Pgy = 0-3, A, = 0.037
Py3 = 0.5 R = 0.005
P, = 0.6 P, = 0.6

We also need to specify another value, Plg; which is the
probability of transition from state 1 to stafe 3. We will
assume the probability of transition from state 1 to state 3
is 1; P15 = 1. All rates are in units of distance as in
Model One.

1. There is No Defensive Anti-Tank Weapon

Table V gives the probability that at least one tank
gets through the mine field for various mine field depths

that are obtained from Equation (4.4),

TABLE V

Probability that at Least One Offensive Tank
Gets Through the Mine Field Successfully

D P{N(D)21}
300 0.4965
400 0.3430
500 0.2310

D, depth of mine field in meters.

Equations (4.5) and (4.6) indicate that if a defender

wants to reinforce his defensive strength with mine fields
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(make P{N(D)21} smaller), there is no effective difference
between increasing the rate of mines or lengthening the
depth of the mine field.

2. There is One Defensive Anti-Tank Weapon

TABLE VI

Probability that at Least One Tank Gets Through
The Mine Field Successfully Depends on
Speed and Depth of Mine Field

D Speed P{N(D) 21}
8 0.3914
300 12 0.3885
16 0.3859
! 8 0.1800
500 12 0.1788
16 0.1776

D, depth of the mine field in meters.

T e

Speed: Speed of the tank in kilometers per hour.

The results of Table VI are obtained from the
Equation (4.8). Note that as the speed of the offensive tanks
increase, the P{N(D) 21} decreases. Increasing the speed
of the offensive tanks causes the firing rate in duel to

decrease from AA = AT = 0.037 rounds per minute to AA:AT =

0.01875 rounds per minute.
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Let A be the sum of all the probabilities of the
events in (4.7) in which Y (D) = 0.

Let B be the sum of all the probabilities of the
events in (4.7) in which Y(D) = 3., Table VII gives values

for A and B for various different AA = AT with all other

parameters as in (5.1).

TABLE VII

Change of Probability Depends on Speed

A A A B
0.037 0.037 | 4.97x10°° | 0.39128
0.0333 0.0333 | 1.89x10°° | 0.39063
0.0299 0.0299 [ 6.30x107% | 0.3c991

AA AT’ fire rate in rounds per minutes
14 ’

Note that A increases as the fire rate decreases
and B decreases as the fire rate decreases, as is expected.
Hence, it appears that the reason P {N(D) 2 1} decreases
as the offensive tank speed increases is that for the
range of parameters we are interested in A is very small
relative to B.

Table VIII investigates the sensitivity of the
five basic parameters in the model with a mine field depth

of 300 meters and initial values of parameter as in (5.1).
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TABLE VIII

Change of Percent of Probability

3 Py Ap R Pa *a
10 2.69 2.69 ~10.50 | - 2.68] - 2.68
F 20 5.01 5.01 -20.13 | - 5.24 | - 5.24
30 7.05 7.05 ~28.91 | - 7.67 | - 7.67
40 8.83 8.83 -36.87 | -10.00 | -10.00
50 10.41 10.41 -44.04 | -12.22 | -12.22
%; increasing percent of value of parameter
Pni hit probability of an offensive tank,
AT; fire rate of an offensive tank,

R; rate of mines in the mine field

PA; hit probability of a defensive anti-tank weapon.

5

The value in a cell of TABLE VIII shows the change
percentage of initial probability that at least one offensive
tank gets through the mine field successfully due to the
corresponding change in the parameter value. Positive values
indicate the probability P{N(D)21} is increased and negative
values mean decreased P{N(D) 2 1}.

Table VIII suggests that if a duel begins between

two offensive tanks and one defensive anti~tank weapon,
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then the rate of mines in the mine field is the most impor-
tant parameter to effect the result. It indicates that a
defender who wants to decrease the probability of an
offensive tank crossing the mine field should make his

mine field with as high a value of rate of mines as possible.
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VI. CONCLUSIONS AND RECOMMENDATIONS

As one of the best means of defense against an enemy's
quick attack, the mine field which is possibly defended by
an anti-tank weapon, is studied. Some formulae of simple
models have been derived and numerical evaluations and
analysis are provided for some cases for further interpre-
tation.

The model of this thesis used many assumptions. Some
assumptions are, the mines in the preinstalled mine field
act their characteristics with 100 percent reliability;
the duel between offensive tanks and defensive anti-tank
weapon is ended at the time when an offensive tank gets
through the mine field successfully; there are unlimited
ammunition supplies; and the damage of offensive tank due
to anti-tank weapon fire is classified only killed or not
killed.

Also, this thesis has considered in detail only two
models; however, many other models can be formulated as
continuous time Markov chain models. In these cases, the
probability that at least one tank successfully travels
through the mine field can be thought as the probability
that the continuous time Markov chain is in the particular
set of states at a finite time D (as in 4.7). The analytic

expression for this probability will in general not be

57




simple; however, one can always write down a system of
differential equations for it which can be solved numerically.
If someone wants to make a model for a special area defense,
he can use these models possibly with modifications to meet
his needs. It may be more useful to combine these models
with an air defense model for some special area.

In conclusion, these models are simple and some assump-
tions are not real. However, they can provide insight to
evaluate the conventional preinstalled mine field and to
evaluate the strength of defense with mine field against

enemy's quick attack.
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